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Q ■ Abstract 

I We show that for asymptotically vanishing Maxwell fields in Minkowski 

space with non- vanishing total charge, one can find a unique geometric 
Q^. structure, a null direction field, at null infinity.. From this structure a 

^ I unique complex analytic world-line in complex Minkowski space that 

can be found and then identified as the complex center of charge. By 
"sitting" - in an imaginary sense, on this world- line both the (in- 
^ ! trinsic) electric and magnetic dipole moments vanish. The (intrinsic) 

5h I magnetic dipole moment is (in some sense) obtained from the 'dis- 

tance' the complex the world line is from the real space (times the 
charge). This point of view unifies the asymptotic treatment of the 
dipole moments. For electromagnetic fields with vanishing magnetic 
dipole moments the world line is real and defines the real (ordinary 
center of charge). We illustrate these ideas with the Lienard-Wiechert 
Maxwell field. In the conclusion we discuss its generalization to gen- 
eral relativity where the complex center of charge world-line has its 
analogue in a complex center of mass allowing a definition of the spin 
and orbital angular momentum - the analogues of the magnetic and 
electric dipole moments. 
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1 Introduction 



The relationship between the asymptotic electromagnetic fields seen by a 
distant observer and the multipole moments (both electric and magnetic) of 
the source producing this field is a problem worth reconsidering for several 
reasons. One reason for our interest lies in the ambiguity in answering the 
question: what are the values of the moments at any given time? If we 
are looking at and calculating the moments directly from integrals over the 
sources, their values will depend on the choice of the space-hke 3-surfaces 
used for their evaluation. If we attempt to evaluate the moments, via the 
behavior of the asymptotic fields, the values again depend on the choice of 
two-surface integrals at null infinity (3) for their evaluation. Another, and 
perhaps more important, reason for our interest is that in general relativity 
(GR) a similar - but far more difficult problem arises; how does one even 
define at null infinity the orbital and spin angular momenta. In this case the 
ambiguities have been considerable and a general consensus does not exists. 

In particular, here we will be interested in studying only the electric and 
magnetic dipole moments for an arbitrary asymptotically vanishing (real) 
Maxwell field. We will not be concerned with the real interior dipole sources 
of the field but only what can be seen or perceived from studying the fields 
at infinity. The relationship, described here, is between these asymptotic 
Maxwell fields and the (perceived from infinity) motion of certain fictional 
sources that are generating the dipole fields. In addition, this analysis serves 
as a preparation for the much more difficult issue of defining center of mass 
motion and the related orbital and spin-angular momentum in general rela- 
tivity. 

The point of view developed and promulgated here, though it is com- 
pletely based on the ordinary Maxwell equations in Minkowski space, is far 
from conventional. Using the existing asymptotic structure of any asymptoti- 
cally vanishing Maxwell field (always assuming a non- vanishing total charge), 
will find a unique geometric structure from which there is associated a unique 
complex world-line on complex Minkowski space. We identify and refer to 
this world-line as the complex center of charge world-line. 

For this arbitrary Maxwell field, roughly, we will interpret the dipole 
moments as if they were determined by the 'distance' between the complex 
world-line and the coordinate origin. Again roughly speaking, the real part 
of this complex center of charge world-line (times the total charge) defines 
the 'intrinsic ' electric dipole moment whereas the imaginary part (times the 
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charge) defines the ' intrinsic' magnetic dipole moment. We thus have an 
intrinsic' complex dipole moment. In some sense - to be described in detail 
- this 'intrinsic' complex dipole moment acts as the generating function for 
various standard values of the dipole moment. The basic observation that 
lies behind the use of the complex world-line is that it came directly from 
the following geometric structure on 3: From any given complex world-line, 
we obtain a specific (asymptotically shear-free) real null direction field on 
3 and the converse, any (asymptotically shear-free) real null direction field 
on 3 defines a complex world-line in complex Minkowski space. By certain 
weighted integrals of this direction field, taken over any 2-sphere, i.e., cuts of 
3, we obtain the standard asymptotic definitions of the electric and magnetic 
dipole moments. We point out that if the world-line were real then the 
field would not possess a magnetic dipole moment and the world-line would 
coincide with the ordinary (real) center of charge. 

We want to emphasize that in the use of these "complex world-lines", 
we are not suggesting that these complex world-lines should be treated as 
if they were 'real' even though an idealized observational prescription for 
'seeing them' does appear to exist. At the moment they are just an excellent 
bookkeeping and unifying device. Any possible deeper significance will have 
to wait for future developments. 

In addition, we claim that this observation concerning the complex world- 
line and the null direction field leads to an understanding or explanation 
of the Schwarzschild to Kerr and the Reissner-Nordstrom to charged Kerr 
transformation 'trick' of several years ago.fl] 

This work is divided as follows. In Section 2 we present some geometrical 
formulae concerning the properties of 3, i.e., of future null infinity, that will 
be used throughout this work. In Section 3 we study, as an example, the 
Lienard-Wiechert (LW) Maxwell fields. The real world-line of a charged 
point particle, that is the source of this LW field, coincides with the center of 
charge discussed earlier.. In this simple case the null direction field alluded 
to (above) are the surface forming null geodesies formed by the light-cones 
of the source. In Section 4 we proceed to general asymptotically vanishing 
Maxwell fields and show how the unique complex center of charge world-line 
is found. In the general case, when magnetic dipole radiation is present, 
the null geodesic field has twist. In the conclusion, we summarize the ideas 
presented and describe how these ideas will be applied to GR. 
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2 Null Tetrads at 3 



The main results derived in this work will arise from the use of two different 
null tetrads defined in the neighborhood of future null infinity 3. It is thus 
worth outlining the different geometrical constructions associated with these 
tetrads. First a word of caution: almost all the calculations that we perform 
are done at 3 and therefore the use of the conformal picture is, in some 
sense, most appropriate. There is, however, a danger from the ambiguity in 
the choice of conformal factor on 3 so that we feel it is safer and clearer to 
use the physical space-time picture in the limit as we approach 3. 

We start with standard Bondi coordinates on null infinity {ub,CX) ob- 
tained from the intersection of the light-cones from a time-like geodesic with 
3. The intersection of these cones is given hj ub = const. The generators of 
the null geodesies on 3 are labelled by (CO- Associated with this coordinate 
system we introduce a null vector, n^, along the generators of 3 and complex 
null vectors, m^, m^, tangent to the unit sphere. The tangent vectors to 
the Bondi light-cones define surface-forming null vectors, , orthogonal to 
the Ub = const cuts of 3. In this way we gather (with r an affine parameter 
along the null geodesies) a coordinate system {r,UB,CX) together with a 
Bondi tetrad {l%,n'^,m'^,rn'^) in a neighborhood of 3, i.e., r ~ oo. 

For completeness, we give the expressions for the tetrad vectors in Minkowski 
coordinates: 

2 ^ 'i + cc' 1 + CC 1 + CC ' ' 

2 '1 + CC' i_+CC _ 

2 ^ • 1 + CC' 1 + CC 1 + CC 

We now introduce a (in general) twisting tetrad by performing an arbi- 
trary null rotation around n^. Denoting the parameter of this rotation (for 
historical reasons) by — L , we obtain 
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r = l%-^m%-^rffB + ^n% + 0{r-^), 
m" = m%-jn% + 0{r-^), 

= n%. (2) 

Note that both tetrads are defined in the same Bondi coordinate system 
but one of them, 1%, is surface forming while the twisted one is (in general) 
not. For simplicity, we will refer to the tetrad system with the 'rotated' 
as the 'twisted tetrad' whether or not it has twist. A special case, dealt with 
later, will be when l"" is surface forming. 

We now introduce an asymptotically fiat smooth Maxwell field with tetrad 
components by 

00 = Foj.rm!' (3) 
In a Bondi frame their asymptotic behavior is given by 



3os 



>1B = 



+ 0(r-^) (4) 



^ + o(.-») 



+ 0(r" 



r 

the components satisfy the asymptotic Maxwell equations with Bondi coor- 
dinates, (m,C,C)> 



= 0, (5) 

where "dot" and D are the partial derivative with respect to u and the "eth" 
operator on the sphere respectively. It is straightforward to show that the 
relationship between the twisted and Bondi components are given by 



5 



6° = 0°^ - 2L 0?^ + 0°^, (6) 
6? = cf>%-L<p%, 



V2 — 4>2B- 

We then restrict the choice of this function L by requiring that the asymp- 
totic shear associated with the congruence vanishes at J. It then follows |H] 
from this restriction that L{ub, C, C) satisfies the pde 

dL + LL = 0. (7) 

Using the relationships, (jH}, the Eqs.© can be rewritten for the twisted 

tetrad as, 



(0°)-+#? + 2L0? + L(0?)- = 0, (8) 
(0?)- + c)0°+(L0°)- = 0, 

where ((Tj) has been used. 

The solutions to ((Tj) will play an important role in the derivations given 
below. It is therefore instructive to review the method used to obtain the 
solution together with the properties of the solutions. 

We first introduce an auxiliary variable 

T = T{UB, CO, (9) 
which, by assumption, can be inverted to obtain 

ub = X{t,C,0. (10) 
Making the ansatz that L and T are related by 

L(ws,C,C) = -^, (11) 
it is straightforward to show, using imphcit differentiation on (|Tn|) that 

^ = -^ = fMX(T,C,C), 
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where is the "eth" operator holding r constant. Inserting the above in 
((Tj) and using again imphcit differentiation yields 

i>L + LL = i>l)X{r,C,O = 0. (12) 

Remark 1 

An important point to be noted is that Eq. ()ll|) is unchanged by reparametriz- 
ing, with an arbitrary smooth function K, 

r^r* = K{t) = K{T{uB,C,0) = T*{ub,CX)- (13) 
This follows from 

^ _ dT* _ K,T dT _ dT 
f*~ K,tT ~ f' 

This observation will be used later to simplify some expressions. 
The general (regular) solution to p2|) is given by 

UB = X(r,C,C)=_r(r)/a(C,C), (14) 
L{UB, CO = r(T)m,(C,C), (15) 

with (^°(t) four arbitrary complex analytic functions of the complex r. This 
is interpreted as a complex analytic world-line in complex Minkowski space. 
Note that C(t) can be decomposed into the two parts 

C{r) = Cnir) + ^^Kr) (16) 

where (C^(t), Cii'^)) ^^^^ both real analytic functions (i.e., their respective 
Taylor series coefficients are real). In the special case of ^/(r) = 0, it turns 
out that the twist, S('Ub, C, C), defined by 

2iJ: = -0L + LL-dL-LL 

vanishes and the 'twisted' tetrad is surface forming. In that case, Eq. lfT^ 
can be (correctly) interpreted as the intersection from the future light cone 
of the real world-line ^^(t^j) with 3. tr is the variable r taken as real. It 
describes the family of cuts of 3 obtained by following the light-cones from 
the world-line ^^k^R)- 1^ more general case, with the complex world-line, 
the cuts of 3 from Eq. ()14|l are complex, so that their interpretation is via the 
twisting real congruence. 
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In the general case with an arbitrary complex world-line, we can 

give a geometric interpretation of the function L{ub,(iC)- At any point of 
3, {ub,CX )) the pair {L,L) are stereographic angles on the sphere of the 
past null cone. They thus represent on 3, a field of null vectors pointing 
inwards. 3, with the pair {L,L), can be viewed as an inverted pin-cushion 
or porcupine. In general they do not line-up normal to any slicing of 3. 

In the special case, when the twist, S = 0, they do line-up and are orthog- 
onal to a slicing given by t = real const. We can then introduce a second 
real coordinate system in a neighborhood of 3, the so-called NU system with 
its associated null tetrad. We recall that the Bondi coordinates at 3 can be 
thought of as the intersection of the future light cone of a time-like geodesic 
with 3. This is generalized to the time-like curve given by ^^(tr). The new 
cuts of 3, Tfi = const will be 'wiggly' cuts when written in terms of the Bondi 
coordinates. The explicit coordinate relationship between these two sets of 
cuts is expressed via the (now real) relation 

UB = CRiTRMC,0 (17) 

or its inverse tr = T{ub, Ci 0- The tetrad is geometrically the same 'twisted' 
tetrad but now described in the (r, (, () coordinates. Performing the straight- 
forward but slightly lengthy coordinate transformation, (fT7|) on (jH)), leads us 
to the set 



^W + fM(^V?) = (18) 
m + d^r){V<Pl) = 0, 

with prime denoting the r-derivative and 

v = {eRyia. (19) 

Remark 2 

We want to point out that there is the very useful formal trick of allowing 
the introduction of complex coordinates that allows considerable simplifica- 
tion in certain integrals. Instead of using Eq.(|17p where r and Ub are real, 
we can go back to Eq. lfT^ . 

UB = e{T)uc,c), (20) 

and treat it simply as a complex coordinate transformation between the 
complex r and ub- The relations given by (jl8j) are unchanged in form and 
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can be used with complex r. We refer to this complex coordinate system as 
complex NU coordinates. Note that the Maxwell equations (with the same 
tetrad system) are considerably simpler than their counterparts, Eq.(jHJ, in 
the real Bondi coordinates. 

Since some of our relations, e.g., Eq. ()14|) . involve both real and complex 
variables, it is worth a brief discussion this issue. We have assumed from 
the beginning that we were dealing with a real analytic Maxwell fields so 
that the real coordinates could, if needed, be extended into the complex. 
The complex conjugate stereographic pair (C, Q could be freed from each 
other, (C, C) ~^(C)C)- Thus considering both u and r to be complex, makes 
Eq.()14j) meaningful. Nevertheless we are interested only in real values for 
u. Assuming, of course, the invertibility of (HH), we take the values of u as 
real and find the associated values of r as (C, C) range over the real sphere, 
thus for real, u = const, mapping the sphere into the complex r-plane. For 
a real cut, u = const, there are a spheres worth of points in the complex 
Minkowski space so that for each point there is a null ray, given by Eq. ()15|) . 
that intersects the cut. Hence from a real point of view the complex world- 
line becomes a world-tube, S'^xR, in complex Minkowski space. Every point 
on the tube corresponds to a real null direction on 3. There is a degenerate 
situation when the tube collapses into a real world-line that occurs when a 
real world-line is chosen. 

The question now is how to chose the complex world-line in a canonical 
fashion so that it can be identified as the (complex) center charge world 
line. The basic idea is to generalize the usual idea of the (real) center of 
charge where there is a moving 'origin' about which there is no electric dipole 
moment to the situation where there is a complex world-line about which 
there is neither an electric nor a magnetic dipole moment. These moments 
are usually associated with the I = 1 harmonic coefficients of the component 
00 of the Maxwell field. Our task is to determine ^"(r) and hence the null 
rotation to /°, so that this occurs for 0q. 

If the Maxwell field in question has a principle null vector that is tangent 
to a shear free null geodesic congruence, then if we chose it as part of our 
twisting tetrad system then automatically the full 0o vanishes hence forcing 
00 = 0. This then determines the ^""{t) uniquely. In the next section we 
consider a special case of this, namely the Lienard-Wiechert fields. It is 
important to realize that this is a very special case. {For Complex Lienard- 
Wiechert fields see reference j2]}. In Section IV it will seen how the LW case 
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can be generalized to the arbitrary radiation fields. 



3 Lienard-Wiechert fields 

In this section we review the Lienard-Wiechert Maxwell fields by first recall- 
ing that these fields are generated by an arbitrarily moving point charge in 
Minkowski space, = ^^('^r)- The goal of this section is to study, in this 
simple case, its connection with the discussion of the previous section. We 
will see that the given source world-line, x"" = ^^(t/j), coincides with the cen- 
ter of charge defined by requiring that the / = 1 harmonic coefficients of the 
component 0o vanishes. We then go on to integrate the Maxwell equations, 
in the form of (jl8|) , and see how this leads to a definition of the electric dipole 
moment. (In this case the magnetic dipole moment vanishes.) 

We first remember from (fT7|) . that we can use the coordinates (r, 
and the associated tetrad with the Maxwell equations in the form ()18|) . An 
important property |2j of the LW fields that it has one principal null direction 
associated with the null cones from the world-line. This implies that 0o = 0, 
so that our condition 0q = is immediately identically satisfied and, indeed 
(as was to be expected), the source line coincides with our center of charge 
world-line. When 0° = is used in Eqs.()18p. it leads to the simplification 



^M(yV?) = (21) 

(0;)' + c)M(y0°) = 

with 

V=iCRyia- (22) 

The first equation is integrated as 

0? = Qir)V-' (23) 

so that the second becomes 

^ir){V<Pl) = {Q{T)V~'}'. (24) 

When Eq. (j^^ is integrated over the sphere (at fixed r) , using the properties 
of d , one has 



{Q(r) j V~^dn}' = 0. 



10 



With v"" = chosen to be a unit vector (by the reparametrization of r) the 
integral term is constant and we have conservation of charge, i.e., 

Q{r) = q = constant. 
The last equation is integrated as [3] 

Si?, "-c 

The asymptotic 'shear-free' LW Maxwell field is then given, in the 'twisting 
tetrad system', by 

00 = (25) 
(j)^ = qV~'^r~'^ + ... 

02 = qV-\r)[^]r~' + .... 

Note that in the particle's instantaneous rest-frame, where V = 1, we have 
the standard dipole radiation term proportional to the second derivative of 
the electric dipole moment, q^^ij). 

02 = ^^ + ... (26) 

r 

with qi^ij) the intrinsic dipole moment. 

Our goal however is not to study the properties of the LW field but to see 
how to extract the standard definition of the electric dipole moment in stan- 
dard Bondi coordinates and tetrad system, from the Maxwell components. 
In principle these are the coordinates used by observers at infinity with stan- 
dard clocks. We have seen that by adopting a NU coordinate system that 
follows the motion of the source in the LW case, the Maxwell component, 0o 
vanishes. As we said earlier, the leading term, 0°, that normally contains the 
dipole moment in just the I = 1 spherical harmonic term is automatically 
vanishing. However, for a Bondi frame that is adapted to a fixed time-like 
geodesic, the deviation of the world-line of the charged particle from the 
time-like geodesic should give us a non- vanishing electric dipole moment. 
Solving for from (0) we obtain 
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<I>U^,CX) = 2L05J + L^0^, (27) 
= 2L qV-' + qV-\r)[y] 

with 

n = Cir)laiC,0- (28) 

The standard dipole is extracted from Eq.(j2Zj) by choosing, at fixed u, the 
/ = 1 harmonic coefficient, i.e., by integration with the weighting function, 
fria- The (complex) dipole moment, up to a scale factor, is then 



/ 



Da{u) = qY^a{u) = W~ [ (/^OB'l^adS. 

Zn J 



maTnbdS = -^^ab- 



The symbol _L indicates that the quantity was perpendicular to the time 
direction. Da is then obtain by substituting in every term of r by 
T{u, C, Q. To prepare ourselves for this calculation we observe that 

Vf=l, 

(as can be easily shown from (|28|) ) and rewrite as 

0°^ = 2qCmaf'{l - ^{Cma)r"rna - {C'DiC'rncKe'h)-'}. 

Using the recursion formulas for products of spherical harmonics, in principle 
the £ = 1 can be extracted. This, however, could be a highly non trivial 
task. If we consider slow motion of the sources we can approximate the Da 
as follows: Choose, by reparametrization, that 

u = T + CirMCO = r + \e{r){h - n,), 
and then approximate its inversion by 

T = u-^e{u){h-n,). 
12 



We find, up to linear order in ^^(u), that 



t^l-]^i\u){k-n,), 

0ob(«> C, C) = 2g[^d(ii) - z—edacCT]^'' + ^ 2, harmonics}. 
In this calculation the Clebsh-Gordon expansion 

ma[lb - rib] = —^^abd'm'^ + = 2, harmonics)} 

was used. 

We then have the conventional electric and magnetic dipole moments 
given in Bondi coordinates from the complex D'^{u), as 

Y\u)md = e{u)md - i^C{u)i\u)feeaMm''. (29) 
The spacial vector y^(ii)reads 

Y\u) = ii{u) - i^^-{u)i\u)t^e,ab'. (30) 
or, using vectorial notation, 

F = ?(«)-^^?xT. 

The dipole moment of 0ob associated with the radiation field generated from 
a moving charge q with world line ^'^(r) is 

D(u) = qY{u). 

Wc sec that the 'intrinsic complex dipole', qC°'{T), appears rather altered 
or disguised. Instead of g^"(-u);we have terms like q'^"(r[uB, C, (]) with other 
complications. If we do not have the inversion of ub = C"(''")^a(C) C) ior r = 
T{ub, C; 0) it is difficult to see what is the exact expression for the dipole in 
the Bondi frame. The point is that the "standard" dipole is determined from 
the 'intrinsic' dipole or equivalently from the null direction field, L{ub, C; 0) 
by a well-defined procedure. In different Bondi frames it will take on different 
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values while the intrinsic one remains unchanged. To a good approximation, 
if the acceleration and velocities are small then we do obtain 

i.e., from the part of the world line orthogonal to the time direction. 

If the world-line was given by the straight ^"(t) = S^t + SfR^, (in one 
Lorentz frame) then 

D^iu) = qR". 

In this case if i?* were imaginary, the magnetic dipole of charged Kerr- 
Maxwell field would be obtained. 

In the next section this idea is generalized to arbitrary asymptotically 
vanishing Maxwell fields. 

4 General Maxwell Fields 

Returning to the general case of asymptotically vanishing Maxwell fields, we 
reverse the procedure described above in the LW case, i.e., we will start with 
a Maxwell field described in a Bondi coordinate and tetrad frame and then 
find, by a null rotation at 3, the appropriate twisting tetrad system that can 
be used to determine the complex center of charge world-line ^'^{t). 

The Bondi form of the asymptotic Maxwell fields, Eqs.(@]), can be deter- 
mined by direct integration, from Eq.(jS)), 

{Ksy+HiB = 0, (31) 

{<PlBy+H'2B = 0. 

From the arbitrary dipole data, —qY°-{u)fna, with Y"-{u) a complex four- 
vector function of the real u, we have 

'P'b = -qy\u)m, + Hi;l\u,a(:X)- (32) 

The term H^^^^ is included to indicate that other multipole fields might be 
present. For the integration of the Eqs. (j3ip they have no interest for us. Since 
we are interested only in the dipole (i.e., / = 1) term and as the equations are 
linear no effects can enter from HiZ^ , so we could totally ignore it for the 
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moment. However non-linearities do enter later when we find the complex 
center of charge line and by ignoring it we are leaving out small high order 
corrections. Our final results then are only approximate in principle. 
By straightforward integration we have 



2qY''{u)ma (33) 
q-qY%u)[la-n,] (34) 
-qY''iu)ma. (35) 



The idea is now to go to the twisting tetrad version of the Maxwell field 



= <j>',^-2L<j>% + L'(P%, (36) 



with 



r(r)m. 



and then determine the ^'^{t) by requiring that the / = 1 part of (f)^ vanish. 
By substituting Eqs. ljHHj) . (jSH), (jH^ into the first of Eqs. (jHH|) we obtain 

0° = 2qY\u)ma-2qL{l-Y'^\u)[la-na]) - qY'^-{u)ma (37) 
= 2g[y»(ix) - r(r) + '-^e\,e{r)Y''{u)]ma - q{e{r)m,Y Y-{u)m,. 

The process of exactly extracting the I = 1 part and setting it equal to 
zero (at constant r) is difficult and, in general, impossible. There are several 
reasons for this. The first is that both r and angular terms are hidden in the 
dependence of Y{u) onu = ^"'{r)la{C, C)- addition there are many products 
of spin-weighted spherical functions, {ma,rna, la), that must be decomposed. 
Nevertheless it is quite possible to setup a straightforward method to yield 
approximate solutions, if we replace r by T{u, (, Q in the above expression 
and consider slow motion of the world line ^{t). In this approximation the 
£ = 1 part of the equation reads 



y'^(«)m, = [r(r) - '-^e\,eir)Y\u)]ma 



V2 
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Inserting T = u — ^C'^{u){lb — Tib) in the expression and solving for^(u) up to 
first order in Y''{u) gives 

C{u)m, = Y\u)m,-'^Y\u)Y\uYe,aMrf''m, (38) 

Note that in this equation u is just a parameter to label the world line. 
Up to this order, it can be replaced by r to obtain ^'^{t). Note also that it 
can be inverted to find ^^(m) to second order if we were given ^'^(r) and, as 
expected, it gives eq. pUjl for L-W fields. 

We have thus found the relationship between the complex center of charge 
world-line and the ordinary (electric and magnetic) complex dipole moments. 

5 Conclusions 

We have argued here that for any asymptotically vanishing Maxwell fields 
with non-vanishing total charge, there is a unique geometric structure, namely 
a null direction field at 3 that is given by and conversely gives, a unique com- 
plex analytic world-line in complex Minkowski space. This world-line can be 
identified as the complex center of charge and when multiplied by the total 
charge it defines the intrinsic dipole moment. These structures exist inde- 
pendent of the choices of coordinates to describe them. The usual definitions 
of the multipoles, either from the source point of view or from the asymp- 
totic fields, depend on the coordinate choice, are derived from the intrinsic 
structures by integrations over the null direction fields. 

The argument, though we believe is new, depends only on already well 
known and understood physics. It involves simply the observation that shear- 
free and asymptotically shear-free null congruences have some very beautiful 
properties that have not been fully exploited. 

We mention that though in Minkowski space, 'asymptotically shear-free' 
implies 'shear-free', we have not used that fact. The significance of this 
observation lies in the fact that the material that has been presented here 
is easily extended to Maxwell fields in asymptotically fiat space-times where 
the null congruences are only asymptotically 'asymptotically shear-free' and 
not in general 'shear-free'. 
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As a final point we mention that the ideas presented here can be gen- 
eralized to asymptotically fiat Einstein and Einstein-Maxwell fields where 
the role of the complex center of charge world-line gets played by a complex 
center of mass world-line. The role of the two dipole moments are played 
by the spin and orbital angular momenta. In the case of Einstein-Maxwell 
fields there will be two separate complex world-lines - the complex center of 
charge and center of mass - different in general. If however they coincide, it 
appears from preliminary calculations that this leads to the Dirac value of 
the gyromagnetic ratio. These results will be reported elsewhere. 
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